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Key Points:
• A drift-kinetic method of measuring spatial gradients in the distribution function from
local velocity-space distributions is developed.
• This framework is extended to find gradients in arbitrary moments of the distribution
function.
• These methods are verified with simulation data, demonstrating resolution at the elec-
tron kinetic scale.
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Abstract
In this paper, we derive a new drift-kinetic method for estimating gradients in the plasma
properties through a velocity space distribution at a single point. The gradients are intrinsically
related to agyrotropic features of the distribution function. This method predicts the gradients
in the magnetized distribution function, and can predict gradients of arbitrary moments of the
gyrotropic background distribution function. The method allows for estimates on density and
pressure gradients on the scale of a Larmor radius, proving to resolve smaller scales than any
method currently available to spacecraft. The model is verified with a set of fully-kinetic VPIC
particle-in-cell simulations.
1 Introduction
The properties of the plasma in the Earth’s magnetosphere as well as the connection
between large scale plasma dynamics on the Sun and the near Earth environment have been
studied intensely over the past decades using increasingly sophisticated spacecraft. With a
few exceptions, most of these studies have been carried out through the use of a single space-
craft. A significant and fundamental problem to interpreting spacecraft measurements is that
the relative speed between large-scale magnetic structures and the spacecraft is generally not
known. This often makes it impossible to characterize the length scales of the dynamical
plasma structures encountered because it is not possible to distinguish time variation from
spatial variation. The problem can be overcome by applying several spacecraft flying in close
formation (Dunlop et al., 1988; Chanteur & Harvey, 1998); length scales on the order of the
spacecraft separation can then be determined accurately.
The resolution of fine scales is crucial to the understanding of many processes in col-
lisionless plasma physics. Of particular interest, in magnetic reconnection the thickness of
the current layer can be on the electron kinetic scale, while various terms in the generalized
Ohm’s law, which can be written as
E+ v ×B = ηj+ 1
ne
(j×B−∇ · pe) + me
ne2
dj
dt
, (1)
decouple at different scales; for example, ∇ · pe becomes important for gradient scales on
the order of the thermal electron Larmor radius ρe = mevth/eB or electron skin depth
de = c/ωpe. Thus, to characterize the terms down to the kinetic scale would require a tight
spacecraft formation to fully resolve, which will also sacrifice overall coverage. Determining
local gradients go a long way towards interpreting the overall structure of a current layer.
In this paper, we develop new methods that allow length scales of plasma structures to
be determined at spatial scales as small as the electron Larmor radius ρe ∼
√
βede, allowing
for de scale gradients to be accurately characterized if βe is not too large. Our methods could
be implemented using the full three dimensional electron distribution function, which is now
available with sufficiently fast time resolution from the Fast Plasma Investigation (FPI) instru-
mentation suite of NASA’s Magnetospheric Multiscale (MMS) mission (Pollock et al., 2016),
and will likely be available to future spacecraft missions. The methods make a connection be-
tween the apparent agyrotropy of magnetized distributions and gradients in plasma properties
perpendicular to the magnetic field lines.
Agyrotropy is the breaking of the symmetry of a distribution function about the mag-
netic field line, and it is commonly used as a signature for the demagnetization of electrons
near the x-line in magnetic reconnection (Scudder & Daughton, 2008). In principle, in a well-
magnetized plasma, the fast motion of the gyroorbit will cause the distribution to be constant
about its nearly circular trajectory; therefore, a departure from gyrotropy is often implied to be
the result of the demagnetization of the particle species. For the electrons in reconnection, this
would happen in the electron diffusion region. Several measures of agyrotropy (sometimes
called nongyrotropy) have been developed (Scudder & Daughton, 2008; Aunai et al., 2013;
Swisdak, 2016), generally measuring the deviation from a diagonal pressure tensor with en-
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tries (p||, p⊥, p⊥) in a magnetic field aligned basis. In these measures, agyrotropy is strong
not only in the electron diffusion region, but also along the topological boundaries formed by
the separatrices. Thus, in these measures, agyrotropy is not a unique signature of the electron
diffusion region. The agyrotropy associated with the separatrices is based on a transition be-
tween two topological regions on the scale of a Larmor radius. While electron distributions
measured at the separatrix are strongly agyrotropic in the frame of the reconnection region,
taking the drift-kinetic approach of measuring f(xgc) to be the phase space density of particles
with guiding centers at xgc = x − ρ(v) rather than current position at x can in many cases
lead to gyrotropic distributions. This tells the story of separate well-magnetized plasma pop-
ulations interpenetrating at the depth of a Larmor radius, sometimes resulting in crescent-type
distributions (Egedal et al., 2016).
Recent observational work on magnetic reconnection has emphasized these agyrotropic
crescent distributions. For example, Burch et al. (Burch et al., 2016) found the presence
of crescent-shaped distributions, both in the perpendicular plane and a parallel-perpendicular
plane. This sort of agyrotropic distribution is thought to be a hallmark of the electron diffusion
region. However, as noted above, crescent shaped distributions can also a result of crossing
the separatrix, where large density gradients exist in asymmetric reconnection. These highly-
agyrotropic distributions can be seen as hallmarks of strong gradients in the reconnection
geometry. In this paper, we will explicitly link the agyrotropy of the electron distribution
function with spatial gradients. Section 2 contains an analysis of the effects of density gradi-
ents on the commonly-used measures of agyrotropy. In Section 3, we build up a framework to
characterize length scales smaller than the separation distance between spacecraft, then verify
it using data from several VPIC fully-kinetic simulations in Section 4, demonstrating that this
method can accurately characterize gradients in density and pressure on the scale of ρe. The
paper concludes with a discussion in Section 5.
2 Apparent agyrotropy of simple distributions that are gyrotropic in the guiding cen-
ter frame
As mentioned in Section 1, strongly agyrotropic distributions are often associated with
regions where plasma properties vary sharply. Previous work has also noted the relationship
between agyrotropy and gradients at the scale of the Larmor radius (Scudder et al., 2012,
2015), but have focused primarily on reconnection scenarios rather than simple model equi-
libria with density gradients. In this section, we compute measures of agyrotropy for a simple
guiding center distribution with a spatially varying density. We choose the simplest magne-
tized guiding center distribution with perpendicular density gradients.
f¯ =
( m
2piT
) 3
2
(n0 + x∇n) e−
m|v|2
2T (2)
We choose B = Bzˆ and T to be constant for simplicity. We will not have an electric
field in this example, but it can be shown that an arbitrary perpendicular electric field will not
change the results of the calculation of the agyrotropy parameters, though the intermediate
steps will be more complicated and include a velocity shift to the E × B frame. An electric
field of E = T∇n/(nqB)xˆ is important, as it will allow the species to be in fluid and drift-
kinetic equilibrium. We note that the distribution of Eq. 2 is binned by the location of the
guiding center of the particle rather than the particle’s instantaneous position, as a spacecraft
will typically measure. As such, to evaluate the local distribution function f(x,v), we must
account for the shift of the vector Larmor radius ρ. We now calculate
f = f¯ (x− ρ) =
( m
2piT
) 3
2
(
n0 +∇n
(
x− mvy
qB
))
e−
m|v|2
2T . (3)
Notably, in this toy model f becomes negative for particles with large enough vy . This means
that particles with larger Larmor radii than the gradient scale will be represented by an un-
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physical phase space density due to the simplified form of Eq. 2, but this is a negligible con-
tribution for gradient scales that are small relative to the thermal Larmor radius. Having an
analytic form of the distribution function allows us to take moments at x = 0. It can easily
be seen that the density moment gives us n = n0. The bulk velocity moment reflects the
diamagnetic drift.
u = −T∇n
nqB
yˆ (4)
With this, the pressure tensor can be straightforwardly calculated as
P =
( m
2piT
) 3
2
∫
(v − u) (v − u)
(
n0 − mvy
qB
∇n
)
e−
m|v|2
2T d3v (5)
= n0T
(
I−mT
( ∇n
n0qB
)2
yˆyˆ
)
. (6)
Simple symmetry arguments show that off-diagonal elements are zero; however, the ten-
sor is still not gyrotropic, as the perpendicular pressures are not identical. If we define
L∇ = |n0/∇n| and ρth = |mvth/qB|, we can define ξ = ρth/L∇ as the ratio between
the gradient scale and the Larmor scale, and define all of our agyrotropy measures in terms of
this parameter.
We will calculate AØe/2 (Scudder & Daughton, 2008), Dng (Aunai et al., 2013), and√
Q (Swisdak, 2016). All of these parameters measure agyrotropy associated with this gra-
dient, and gyrotropic distributions will return a value of 0. AØe/2 and
√
Q take the value of
1 for a maximally agyrotropic distribution, though Dng has a different normalization that is
dependent on T||/T⊥.
AØe/2 =
ξ2
2 + ξ2
(7)
Dng =
√
2ξ2
3 + ξ2
(8)√
Q =
ξ2√
(2− ξ2)(6− ξ2) (9)
√
Q clearly has issues for ξ > 1, but that is a result of the nonphysical behavior of this
model distribution in that regime (as can easily be seen in Eq. 6). All three measures reduce
to zero in the gradient-free limit. A plot of AØe/2 and
√
Q can be seen in Fig. 1.
√
Q is less
sensitive to small gradients than the other two measures, but all three measures are increasing
functions of the strength of the density gradient, even though the guiding center distribution is
perfectly isotropic. This allows for the possibility of determining unknown gradients through
a measure of the agyrotropy of a distribution function.
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Figure 1. AØe/2 and
√
Q plotted against the ratio of the Larmor scale to the gradient scale, ξ, for the
relevant range.
3 Theoretical basis for length scale characterization
In the previous section, we considered a simple example and showed that agyrotropy
develops as a result of gradients in the distribution function. In this section, we will consider
more general geometries and rigorously show how gradient scales can be inferred through
measurements of the distribution function. Before deriving the model in detail, we first pro-
vide a heuristic description of how the plasma length scales can be obtained from electron
distributions measured by a single spacecraft. Fig. 2 illustrates a model geometry of a space-
craft sampling the electron distribution f . We assume that there is a gradient in f pointing in
the negative x direction. WithB in the negative z-direction it follows that the flux of electrons
observed in the positive y-direction will be enhanced while the flux received from the nega-
tive y-direction is reduced. Furthermore, considering the separation of the respective guiding
centers (2ρe) in Fig. 2, it is clear that the relative difference in these fluxes must be given by
2ρe∇f/f , where ρe is the electron Larmor radius for the energy considered. This anisotropy
of particle flux is the origin of the diamagnetic drift.
The approach outlined with the heuristic arguments above is made concrete in this paper.
We can rigorously derive expressions for perpendicular distribution function gradients starting
from the kinetic Vlasov equation governing collisionless plasma. Although we are primarily
interested in properties of the electron distribution, we will derive expressions for a general
species in the drift kinetic limit. By inserting the appropriate mass, charge, and distibution,
the electron equations are easily recovered. We begin by noting, as is discussed in great detail
in the book by Hazeltine and Meiss (Hazeltine & Meiss, 1992), that in the drift-kinetic limit
the Vlasov equation imposes that the first-order expectation of the variation from gyrotropy f˜
can be expressed as:
f˜(x, U, µ, γ, t) = ρ·
[
q
∂A
∂t
∂f¯
∂U
− q (b× vD) ∂f¯
∂µ
−∇f¯
]
+
v‖µ
Ωs
∂f¯
∂µ
(
ρˆvˆ⊥ :∇b− 1
2
b ·∇× b
)
.
(10)
Here f¯ = f¯(x, U, µ, t) is the gyro-averaged distribution, U is total particle energy (kinetic
plus an electrostatic potential), Ωs = qB/m is the signed cyclotron frequency, µ is the
(first adiabatic invariant) magnetic moment, γ is the gyrophase such that ρ = b × v/Ωs =
ρ(e⊥1 sin γ+ e⊥2 cos γ), with (b, e⊥1, e⊥2) forming a right-handed local coordinate system,
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Figure 2. Illustration of how a single spacecraft sampling the electron distribution can be applied for
characterizing the gradient in the gyrotropic electron distribution function∇f¯ .
and
vD =
E×B
B2
+
1
Ωs
b×
(
µ
m
∇B + v2‖(b ·∇)b+ v‖
∂b
∂t
)
(11)
is the drift velocity expected for a particle at each location in phase space. We are most
interested in the gradient information that can be recovered from an individual spacecraft that
bins the distribution as a function of velocity rather than the adiabatic invariants. Thus, we
note that the change in coordinates to (v‖, v⊥) space provides a mixing between coordinate
and velocity spaces,
∇U,µ =∇v‖,v⊥ −∇µ
∂
∂µ
−∇U ∂
∂U
. (12)
Importantly, this eliminates any contribution to f˜ for the ∇B drift and alters the inductive
electric field in Eq. 10 to be the full electric field.
By multiplying each side of Eq. 10 by the vector Larmor radius ρ and integrating over
the gyrophase γ, we find the perpendicular component of the gradient of f¯ :
∇⊥f¯ = −qE⊥ ∂f¯
∂E − q (b× vD)
∂f¯
∂µ
− 1
piρ2
∫ 2pi
0
ρfdγ (13)
Notably, the terms not dotted into the gyroradius in Eq. 10 integrate out to zero. It can also be
shown that the E ×B drift term in Eq. 10 combines with the E⊥ term to form eE⊥∂f¯/∂E⊥
in an (E⊥, E‖) basis:
∇⊥f¯ = −qE⊥ ∂f¯
∂E⊥ +
(
mv2||(b ·∇)b+mv||
∂b
∂t
)(
∂f¯
∂E⊥ −
∂f¯
∂E||
)
− 1
piρ2
∫ 2pi
0
ρfdγ. (14)
While this expression fully describes ∇⊥f¯ , this is not generally a quantity that is useful to
compare to, and the velocity space derivatives must be evaluated judiciously on a spacecraft
such as MMS, where there are a finite number of logarithmically-binned energies to evaluate
derivatives on. If the goal is still to estimate ∇⊥f¯ , we provide an estimate based on the
assumption of a drifting two temperature Maxwellian distribution:
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∇⊥ ln f¯ = qE⊥
T⊥
+
T⊥ − T‖
T⊥T‖
(
2E‖ [(b ·∇)b] +mv‖ ∂b
∂t
)
−
∫ 2pi
0
ρfdγ
piρ2f¯
(15)
This form can make a justification for dropping all drift terms except qE⊥/T⊥ (corre-
sponding to the E × B drift) on the basis of dependence on temperature anisotropy, which
will generally be small (as will be the magnitude of the associated drifts). This can be of im-
portance to spacecraft data, as direct measurement of these factors is not generally possible at
the single-spacecraft level. While this form contains an abundance of information, it lacks a
strong basis for comparison with our intuition on the fluid description of plasma. To this end,
we can now take moments of ∇⊥f¯ to find the perpendicular gradients of fluid quantities. In
particular, we define
Mk,l =
∫
vk⊥v
l
‖f¯d
3v =
∫
vk+1⊥ v
l
‖f¯dv‖dv⊥dγ . (16)
It can be shown that the ∇⊥ operator commutes with the moment operator on f¯ , and
thus∇⊥Mk,l =
∫
vk⊥v
l
‖∇⊥f¯d3v. Evaluating these integrals, we find:
∇⊥Mk,l = −2Ωsb×
∫
v⊥vl‖v
k−2
⊥ fd
3v +
2piqE⊥
m
[
δk0
∫
vl‖f¯‖dv‖ + k
∫
vl‖v
k−1
⊥ f¯dv⊥dv‖
]
+ (b ·∇)b
[
(l + 1)Mk,l − 2pi
(
δk0
∫
vl+2‖ f¯‖dv‖ + k
∫
vl+2‖ v
k−1
⊥ f¯dv⊥dv‖
)]
+
∂b
∂t
[
lMk,l−1 − 2pi
(
δk0
∫
vl+1‖ f¯‖dv‖ + k
∫
vl+1‖ v
k−1
⊥ f¯dv⊥dv‖
)]
, (17)
where δk0 is the Kronecker delta and we have used the shorthand f¯‖ to identify f¯(v⊥ = 0).
We note that the drift terms not including f¯‖ have resulted from integration by parts in v⊥ in
Eq. 14. The f¯‖ terms no longer have v⊥ coefficients, and are thus integrals of a full derivative
in v⊥, resulting in the values at the bounds of the integral. If we define
M−2,l = 2pi
∫
vl‖f¯‖dv‖ (18)
M−1,l = 2pi
∫
vl‖f¯dv‖dv⊥, (19)
whereM−1,l follows the definition of Eq. 16, butM−2,l does not (as a result of the afore-
mentioned integration of a full derivative), this can be written slightly more concisely as:
∇⊥Mkl = −2Ωsb×
∫
v⊥vl‖v
k−2
⊥ fd
3v +
qE⊥
m
(k + δk0)Mk−2,l
+ (b ·∇)b [(l + 1)Mkl − (k + δk0)Mk−2,l+2]
+
∂b
∂t
[lMk,l−1 − (k + δk0)Mk−2,l+1] . (20)
Of particular interest are gradients in density and pressure. In this gyrotropic definition
of f¯ , we note that
n =M0,0 (21)
p⊥ =
m
2
M2,0 (22)
By evaluating Eq. 20, we then find that
∇⊥n = 2piqE⊥
m
∫
f¯‖dv‖ + (b ·∇)b
(
n− 2pi
∫
v2‖ f¯‖dv‖
)
− ∂b
∂t
(
2pi
∫
v‖f¯‖dv‖
)
− 2
∫
ρf
ρ2
d3v (23)
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∇⊥p⊥ = nq (E⊥ + us ×B)−mnu‖ ∂b
∂t
+ (b ·∇)b
(
p⊥ − p‖ −mnu2‖
)
. (24)
These equations present the best estimate of the gradients, but several terms are not
locally measured by a single spacecraft. We can see that in the absence of the ∂b/∂t and
(b ·∇)b terms (which are not readily available to single spacecraft observation), the perpen-
dicular pressure gradient term becomes equivalent to the statement that the nonideal electric
field is entirely attributable to the diamagnetic drift. This is somewhat unfortunate, as it means
that using only the measurements readily available to a single spacecraft, this model does not
allow for Ohm’s Law terms that can account for reconnection. As such, in this framework,
not much can be learned from a single spacecraft about non-ideal dynamics within electron
diffusion regions. However, if one desires to estimate pressure gradients for reasons other than
determining the breaking of the frozen-in law, this method should provide a good estimate for
most magnetized plasma environments that do not simultaneously experience strong curvature
and temperature anisotropy. Notably, anisotropy is measurable at the single-spacecraft level,
and strong curvature will be accompanied by sharp shifts in the time series measurement of b,
so regions where dropping the curvature term may cause significant error should be identifi-
able. We also note that it may be possible to estimate ∂b/∂t and (b ·∇)b by matching their
contributions to Eq. 24 to the remaining terms in Eq. 1, or a multi-spacecraft reconstruction of
the local magnetic geometry.
4 PIC verification of length scale characterization
In order to verify the drift-kinetic model’s ability to characterize density and pressure
gradients in a plasma, we calculate the gradients derived from the model on particle data
obtained from a series of fully-kinetic VPIC (Bowers et al., 2009) particle-in-cell simula-
tions. While these simulations are two dimensional, mathematically our methods should ap-
ply equally well for fully three dimensional reconnection scenarios. The simulations are per-
formed in a modified Harris sheet configuration (Roytershteyn et al., 2012) at mi/me = 400
with a variety of background density asymmetries representing the low density magnetosphere
and high density magnetosheath (herein denoted as n1/n2). The runs correspond to the setup
of a suite of simulations described in Chapter 3 of (Montag, 2018) and are antiparallel. This
means that the electrons will not be magnetized everywhere, but this is a small region of the
simulations, and demagnetized electrons are soon remagnetized. As such, the results of Sec-
tion 3 should hold over most of the simulation domain. These simulations use periodic bound-
ary conditions in the x-direction and conducting/reflecting boundaries in the z-direction, have
a domain size of 6720× 3360 cells = 80 di × 40 di based on the higher upstream density n1,
and employ the reduced value of ωpe/ωce = 1.5, with β1 = 3. In total, each run contains
∼ 18 billion numerical particles.
We evaluate gradients in two ways: via an implementation of the drift-kinetic method
(Eqs. 23 and 24) directly on particle data and via direct finite difference calculation of spatial
gradients of the density and pressure profiles. The PIC distribution functions are created from
particles within a box of approximately 2 de× 6 de (containing on average ∼ 80, 000 electron
particles), with a measurement centered every 1 de in the N direction. We note that there is
still a considerable amount of noise in our density gradient measurements at this domain size,
but we do some smoothing to present the picture of the full domain. We present the data in
a normalized form that represents the inverse gradient length scale in terms of the electron
inertial length to indicate the fine scale structure encountered in the reconnection geometry.
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Figure 3. Normalized components of∇⊥ logn for a simulation of antiparallel reconnection with
n1/n2 = 1.4 through Eq.23 and a direct finite difference method. The dashed line represents the cut taken in
Figure 5a).
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Figure 4. Normalized components of∇⊥ log p⊥ for a simulation of antiparallel reconnection with
n1/n2 = 1.4 through Eq.24 and a direct finite difference method. The color scale is slightly saturated to
emphasize the quality of the low amplitude match. The dashed line represents the cut taken in Fig. 5a).
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It should be noted that there are some limits to the validity of this model. Most impor-
tantly, in strongly asymmetric reconnection with low guide field, strong electric fields tend to
develop with a width on the order of the electron Larmor radius on the low density separatrix.
In these conditions, the drift kinetic assumptions are violated, and our framework significantly
overestimates the gradients. The model should be valid if ρe ·∇vEB  vthe, and if gradient
scales are larger than the electron Larmor radius. The fields at the separatrix in strongly asym-
metric reconnection produce vEB ∼ vthe with a width on the order of a few electron Larmor
radii, and this is not easily overcome in this model framework, but elsewhere, the model as-
sumptions are generally satisfied. Figure 5 shows a comparison of∇⊥n calculated by the two
methods for a variety of upstream density asymmetry values in antiparallel reconnection. For
the antiparallel run with density asymmetry of 16 presented, our model is observed to provide
an accurate estimate of the density gradient at the separatrices, and accuracy is expected only
to improve for configurations including a guide magnetic field.
We do note that these simulations do not fully encompass the parameters of magneto-
spheric reconnection. In particular, β1 = 3.0 is rather high, leading to weaker electric fields at
the separatrix and an effectively higher thermal speed. This helps to keep the model within its
limits. In realistic magnetopause conditions, a range of upstream β, as well as temperature and
density asymmetries must be considered. Testing the model in a separate simulation designed
to match the event of (Burch et al., 2016) (the simulation used in (Egedal et al., 2016)) that
has lower β1 that includes temperature asymmetry, the drift-kinetic model overestimates the
gradients at the separatrices by a factor of 2-3. Combined with the results of the simulations
shown, this implies that the method should be viable for the majority of magnetospheric con-
ditions, though gradient scales can only be trusted to an order of magnitude in cases with some
combination of lower β and more intense asymmetry than those in the simulations employed
in this paper.
–11–
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Figure 5. Cuts of normalized N components of∇⊥ logn for simulations of antiparallel reconnection with
n1/n2 = 1.4, 7.8, and 16 through Eq.23 and a direct finite difference method.
5 Discussion and Conclusion
In this paper, we have derived and demonstrated a novel method for inferring plasma
gradients from the distribution function measurements of a single spacecraft, linking variations
measured within a gyro orbit in velocity space with spatial gradients of a well-magnetized
distribution function. This model successfully replicates pressure and density gradients in PIC
simulations, and can in principle be applied to MMS data. The PIC verification shows that the
gradient estimates can be quite noisy, though they clearly approximate the correct gradients.
This may be a challenge when implementing the technique on spacecraft data. Furthermore,
it should be noted that this technique requires the electrons to stay well-magnetized to be
accurate. As such, in the absence of a strong guide field, this technique is likely not useful
immediately at the x-line, though it can be useful in determining the reconnection geometry
away from the x-line.
This model also has implications for the way we think of agyrotropy in distribution
functions. Using the drift-kinetic method, we have shown that apparent agyrotropy in the
electron distribution function can correspond to spatial gradients in a distribution function that
is gyrotropic when spatially sorted to match guiding centers. In this sense, a well-magnetized
distribution can be agyrotropic in the standard models of agyrotropy (Scudder & Daughton,
2008; Swisdak, 2016). Agyrotropy is often used as a measure of demagnetization, but without
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accounting for spatial gradients in the plasma properties, this is not inherently true. In partic-
ular, strong gradients often exist around the separatrices in asymmetric reconnection. While
the agyrotropy measure may be high at the separatrix, this does not generally imply that the
electrons are demagnetized.
Appendix A Intuitive Derivation of Gradients
While the derivation in the main body of the paper is the correct one, a more intuitive
derivation can reproduce similar results. First, we define a gyrotropic distribution to be one
with the property
f(x,v, t) = f¯(x− ρ,v − vD, t). (A1)
Then, we approximate the full distribution function by a first-order Taylor expansion of
f¯ in position and velocity space.
f(x,v, t) ≈ f¯(x,v, t)− ρ ·∇f¯
∣∣∣∣
x,v,t
− vD · ∂f¯
∂v
∣∣∣∣
x,v,t
(A2)
By multiplying Eq. A2 by ρ, integrating over the gyrophase, and solving for the gradient
term, we find
∇⊥f¯ = b× vD
ρ
∂f¯
∂v⊥
−
∫
ρf
piρ2
dγ (A3)
In the same coordinate system, Eq. 13 would be written as
∇⊥f¯ = eE⊥
mv||
∂f¯
∂v||
+
b× vD
ρ
(
∂f¯
∂v⊥
− v⊥
v||
∂f¯
∂v||
)
−
∫
ρf
piρ2
dγ, (A4)
where the E⊥ term cancels with the E × B drift term’s dependence on the parallel velocity,
making Eq. A3 match Eq. A4 when the only drift is the E × B drift. The difference in the
results of the two derivation then lies in the inclusion of the ∇B drift in the Taylor method,
and the extra term proportional to ∂f¯/∂v|| for the ∂b/∂t and curvature drifts. If we exclude
the curvature drift in this analysis (its terms have a singularity), we can approximate gradients
of moments of the distribution function as well. The result will differ from Eq. 20 by (l +
1)Mk,l(b ·∇)b+ lMk,l−1∂b/∂t.
As such, this simplified approach gives a reasonable heuristic understanding of what the
drift kinetic equations are doing, but without some insight into the subtleties of the drift kinetic
limit.
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